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The swelling of grease, grain and polymers can be modelled by a nonlinear diﬀusion equation with two moving bound-
aries, commonly called a Stefan problem. We present here numerical and exact analytical solutions for both linear and
nonlinear diﬀusivities for a variety of parameter ranges. We examine the limitations of the usual pseudo-steady-state
assumption and illustrate the interesting dynamics of this problem.
 2006 Elsevier Inc. All rights reserved.
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Moving boundary (or Stefan) problems occur in many physical applications involving diﬀusion, such as in
heat transfer where a phase transition occurs (thawing, freezing, melting), moisture transport such as swelling
grains or polymers, and deformable porous media problems where the solid displacement is governed by dif-
fusion. The history and classic solutions to Stefan problems are well covered in the monographs by Crank [1]
and Hill [2].
We consider here a general mathematical treatment of a Stefan problem with two moving boundaries. The
motivation for this study is the swelling of wool grease in a wool scour [3–5]. Anderson [6] showed that during
immersion in scour liquor (water, detergents and contaminants) wool grease swells considerably on the wool
ﬁbre and that this swelling is necessary for the eventual grease removal. Until now there have been no math-
ematical models of this process. The time it takes for this grease to swell is approximately two minutes. Better
predictions of how this time changes as operational parameters change (such as grease thickness, wool type,
wool thickness) can eﬀect the optimal soaking time for the wool in the scour bowl. The models we use here
may also be applicable to other grease swelling processes, and the action of detergents in cleaning processes.0307-904X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.apm.2006.11.004
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Fig. 1. Schematic diagram of a Stefan problem with two boundaries, x = R(t), x = S(t) moving in opposite directions. Diﬀusion occurs
between the boundaries, while the movement of the boundaries are governed by rate equations.
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elling the same. In particular, our work here is based on studies [7,8] of the wetting and cooking of cereal and
rice grains in cylindrical and spherical geometries. These studies consider a similar Stefan problem to that
studied here with additional analysis to include a dissolution term.
Here, one of our primary motivations is to consider the pseudo-steady-state assumption used in [7,8] to sim-
plify the model, and to ascertain when this assumption is valid. This assumption is that the boundaries move
slowly enough relative to the diﬀusion between the boundaries, that one can ignore the time dependence in the
diﬀusion equation, while keeping it in the moving boundary terms. Hill [2, Chapter 1] also looks at compar-
isons of the pseudo-steady-state assumption with the numerical solution for a type of one-dimensional linear
Stefan problem.
Moving boundary value problems have also been considered in the polymer swelling literature, with par-
ticular relevance to drug delivery systems. In these systems the boundary may move due to swelling and dis-
solution processes. Recent review articles [9–11] give good summaries of this literature.
Moving boundary problems also exist in the swelling of biological tissues [12,13] with triphasic theory for
soft tissue deformation yielding a diﬀusion equation for the ion concentration, with a moving boundary
implied by the deformation of the soft tissue.
Our aim is to analyse a class of Stefan type problems with two moving boundaries. The basic equations and
geometry are shown schematically in Fig. 1 and described in more detail in the next section. In particular we
wish to compare linear with nonlinear diﬀusivity and the assumption of pseudo-steady-state solutions. We also
generate a class of exact solutions for the Cartesian, one-dimensional version of the problem, with the cylin-
drical and spherical geometries the subject of further research.
In the next section we give a brief derivation of the type of Stefan problem considered, written in the con-
text of moisture absorption [8], but with several modiﬁcations. We then consider the basic pseudo-steady-state
solutions before ﬁnding a series of exact solutions. These are then compared for a variety of parameter ranges,
with a numerical method used to ﬁnd some of the more complex solutions.
2. Derivations of the Stefan problem
The following derivation is a standard one for this type of swelling problem, and we use the notation as
used for swelling of grains [8]. We will derive the equations in a Cartesian geometry where we deﬁne the depen-
dent variable as /(x, t) 2 [0,1] where x is the spatial variable, t is time and / is the moisture content, deﬁned as
volume fraction of water. This assumes the swelling medium is porous with both solid and liquid fractions.
The standard diﬀusion equation for moisture content, /, is assumed aso/
ot
¼ o
ox
Dð/Þ o/
ox
 
; ð1Þwhere the nonlinear diﬀusivity D(/) is a function of the moisture content since a more porous material (higher
moisture content) would be expected to have a higher permeability (diﬀusivity).
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medium at this boundary absorbs water to an upper limit of / = /1 < 1, which is ﬁxed. Initially the
inside of the material is unswollen with a moisture content of / = /0 except in an inﬁnitesimal layer on
x = R(0) where / = /1. These material parameters, /0, /1 need to be measured experimentally. These are
illustrated in Fig. 2. In the unswollen state, long polymers, like springs, are interlaced with a small porosity
/0. In the swollen state, these polymers extend like stretched springs to a ﬁnite length giving a larger porosity
/1.
As water moves into the swelling material the outer boundary moves outwards (in the +x direction) while a
second boundary moves inwards (in the x direction). This second inner boundary marks the transition
between swollen and unswollen material. At this second boundary, x = S(t), the moisture content is a constant
/ = /0 < /1. Hence the region of interest is x 2 [S(t),R(t)] with the boundary R(t) moving outward and S(t)
moving inward.
There are two alternate ways of deriving the equations governing R(t) and S(t). The ﬁrst involves integra-
tion of the diﬀusion equation (1) mathematically, whilst the second physically considers the volume of water
movement (which although equivalent to the integration method, is often more clearly understood).
Integrating Eq. (1) over space givesFiZ RðtÞ
1
o/
ot
dx ¼
Z RðtÞ
1
o
ox
Dð/Þ o/
ox
 
dx; ð2Þwhich using Leibniz’s integral rule gives dRðtÞ
dt
/1 þ
o
ot
Z RðtÞ
1
/dx
 
¼ Dð/Þ o/
ox
 RðtÞ
1
: ð3ÞSince there is no ﬂux at x!1 and o/ox ðx! 1Þ ¼ 0. Assuming that there is no loss of solid material, with
volume fraction 1  /, such as by chemical transformation, we can writeZ RðtÞ
1
ð1 /Þdx ¼ constant: ð4Þg. 2. A compressed medium still has porosity /0 while when expanded to its full extent the porosity increases to /1 2 (/0,1).
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ot
Z RðtÞ
1
/dx
 
¼  o
ot
Z RðtÞ
1
ð1 /Þdx
 
þ dR
dt
: ð5Þ
¼ oR
ot
: ð6ÞSince /(R(t)) = /1 then Eq. (3) can be simpliﬁed as dR
dt
/1 þ
dR
dt
¼ Dð/1Þ
o/
ox

x¼R
; ð7Þso thatdR
dt
¼ Dð/1Þ
1 /1
o/
ox

x¼R
: ð8ÞPhysically this is equivalent to matching the ﬂux of water through the boundary R in a time dt, to the dis-
tance the boundary moves, dR. HencedRð1 /1Þ ¼ dtDð/1Þ
o/
ox

x¼R
: ð9ÞA similar argument can be used for the boundary at x = S(t) giving the equationdS
dt
¼ Dð/0Þ
/0
o/
ox

x¼S
: ð10ÞThus the governing equations and boundary conditions for /, the moisture content, areo/
ot
¼ o
ox
Dð/Þ o/
ox
 
; ð11Þ
/ðx ¼ R; tÞ ¼ /1; ð12Þ
/ðx ¼ S; tÞ ¼ /0; ð13Þ
dR
dt
¼ Dð/1Þ
1 /1
o/
ox

x¼R
; ð14Þ
dS
dt
¼ Dð/0Þ
/0
o/
ox

x¼S
: ð15ÞWe can non-dimensionalise these equations with respect to a typical length scale x0, a typical time t0 and
typical values of the moisture content by writingu ¼ / /0
/1  /0
; x ¼ x0x; t ¼ t0t; R ¼ x0R; S ¼ x0S: ð16ÞIf D1 = D(/1) is a typical diﬀusivity then writing t0 ¼ x20=D1 gives the simpliﬁed set of equations (with the *
notation dropped for convenience)ou
ot
¼ o
ox
DðuÞ ou
ox
 
; x 2 ðSðtÞ;RðtÞÞ; ð17ÞwithdR
dt
¼ aou
ox

x¼R
;
dS
dt
¼ bou
ox

x¼S
ð18Þgoverning the motion of the moving boundaries and boundary/initial conditionsuðx ¼ S; tÞ ¼ 0; uðx ¼ R; tÞ ¼ 1; Rð0Þ ¼ Sð0Þ ¼ 0: ð19Þ
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be x = 0 without loss of generality. The two key parameters that now govern this problem area ¼ /1  /0
1 /1
; b ¼ Dð/0Þ
Dð/1Þ
/1  /0
/0
: ð20Þ
In this paper we will explore results for a wide range of values for a, b since we wish to explore the general
nature of the solutions. For the application we are interested in, namely the swelling of grease, we expect
the values of a to be of order 1. Using data from [8] for grains with /0 = 0.2, /1 = 0.8 andD ¼ 1:4 107e5:22/ cm2=s; ð21Þ
we obtain a = 3 and b  0.15. We expect b a, since diﬀusivity should be much smaller near the inner bound-
ary where / is less. We explore a wider range of parameter values, however, since we cannot predict what
unusual material properties may exist in other applications.
The three key parameters are a, b and the form of D(u). Changing these has complicated coupled eﬀects on
the motion of the boundary and the level of moisture content in the swollen region. Eﬀectively a relates to the
speed of the outer R(t) boundary, in particular if a is large this means that /1 is large (that is more porous) and
ﬂuid moves more freely through the boundary at R. If the outer region is quite porous, the water entering the
medium eﬀectively increases the boundary at R preferentially to the boundary S. In the extreme case of b very
small, the majority of the water entering the medium goes to moving the outer boundary with the inner, S(t),
boundary remaining ﬁxed. In the other extreme, if a is small and b large, then ﬂuid has diﬃculty passing
through the R(t) boundary, before diﬀusing to the inner boundary causing that to move. Of course, by mass
conservation, the outer boundary must move to accommodate this expansion as well.
The value of the typical length x0 is unclear from the scaling used. In a physical problem such as grain swell-
ing, the length scale is obviously the size of the grain. However, in a semi-inﬁnite region this length is not obvi-
ous, nor are there other reference scales to use (since D1 is used to deﬁne the typical time), but we assume that
a physical scale for x0 is known.
The governing equations (17)–(19) reduce to the standard problems considered in [2] when we set b = 0 and
D(u) = 1. Hence this limiting scenario is not considered here as solutions are well documented in [2].
3. Pseudo-steady-state solutions
In this section we explore the pseudo-steady-state solutions equivalent to those derived in [8] for the spher-
ical geometry. Solutions of this type were also described in Hill [2] for the constant diﬀusivity case and the
single moving boundary problem.
A standard approximation to solve Eqs. (17) and (18) is to let ouot  0. This assumes that the boundaries move
slowly enough that the internal region x 2 (S,R) has time to reach steady state before the external boundaries
move. Thus the rate-limiting step that drives the process is the moving boundaries, particularly S(t).
Making this assumption implies in the original Eqs. (17) and (18)o
ox
DðuÞ ou
ox
 
¼ 0; uðRÞ ¼ 1; uðSÞ ¼ 0: ð22ÞIntegration twice givesZ
DðuÞdu ¼ c1xþ c2; ð23Þwhere c1, c2 are constants of integration. Applying the boundary conditions implies a formDðuÞ ¼
Z u
0
DðwÞdw ¼ x S
R S Dð1Þ: ð24ÞHenceou
ox
ðRÞ ¼ Dð1Þ
Dð1ÞðR SÞ ; ð25Þ
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founddR
dt
¼ aDð1Þ
Dð1ÞðR SÞ ; ð26Þ
dS
dt
¼  bDð1Þ
Dð0ÞðR SÞ ; ð27Þwith division of these equations givingdS
dR
¼  bDð1Þ
aDð0Þ ; ð28Þwith solutionS ¼ cR; c ¼ bDð1Þ
aDð0Þ : ð29ÞUsing this in Eqs. (26) and (27) givesR ¼ cr
ﬃﬃ
t
p
; with cr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2aDð1Þ
1þ c
s
; ð30Þ
S ¼ cs
ﬃﬃ
t
p
; with cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2bDð1Þc
Dð0Þð1þ cÞ
s
¼ ccr: ð31ÞThe
ﬃﬃ
t
p
behaviour of the boundary is a common feature of many Stefan problems.
Fig. 3 shows the boundary positions R(t), S(t) using the pseudo-steady-state approach as well as the exact
solution, derived later, when D = 1, a = b = 1. This illustrates the
ﬃﬃ
t
p
behaviour of these solutions and that the
pseudo-steady-state approximation over-estimates the speed at which the boundary moves.
If the diﬀusivity is D = 1 then we obtain DðuÞ ¼ u, and c = b/a so thatu ¼ x S
R S ¼ z; cr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a2
aþ b
r
; cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2b2
aþ b
s
: ð32ÞThe variable z is introduced here for shorthand, but will be used later as a useful boundary-ﬁxing
transformation.0 0.5 1 1.5 2
–1.5
–1
–0.5
0
0.5
1
1.5
swollen
water
unswollen
R(t)
S(t)
time
R
,S
Moving boundary position
PSS R(t)
PSS S(t)
Motion of the boundaries R(t), S(t) from Eqs. (30) and (31). The pseudo-steady-state (PSS) solution and the exact solution are
when D = 1, a = b = 1. The swollen, water and unswollen regions are indicated.
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where b is a constant, thenDðuÞ ¼
Z u
0
DðwÞdw ¼ 1
b
ðebðu1Þ  ebÞ; ð34Þwhich givesDð1Þ ¼ 1
b
ð1 ebÞ; ð35Þso using the variable z ¼ xSRS in Eq. (24) and rearranging Eq. (34) givesu ¼ 1þ 1
b
ln½ð1 ebÞzþ eb; ð36Þwith R(t), S(t) given in Eqs. (30) and (31). For small b this expression reduces tou  zþ z z
2
2
b; ð37Þwhich illustrates that the solution becomes concave down as shown in the results of Fig. 11. This means that
increasing the scaled permeability above unity increases the moisture content and hence increasing the value of
u within the bounds of u 2 [0,1]. Further analysis of these solutions is included along with the full analytical
solutions in the next sections.
Note that the solutions for u(z) are independent of the two critical parameters a, b since the steady state
assumption eﬀectively decouples the diﬀusion from the boundary movement.4. Exact analytical solution
The aim of this section is to ﬁnd analytical solutions valid without the assumption of ouot  0. We use bound-
ary ﬁxing transformations similar to those used in Hill [2, Chapter 6], although with two boundaries the prob-
lem becomes far more complicated.
4.1. Transformed equations
The governing equations (17)–(19) can be scaled using the transformationz ¼ x S
R S ; z 2 ½0; 1: ð38ÞHence by writing u(r, t) = U(z(x, t), t) the derivatives in (17) becomeou
ox
¼ oU
oz
oz
ox
¼ oU
oz
1
R S ;
ou
ot
¼ oU
ot
þ oU
oz
oz
ot
;
ð39Þwhereoz
ot
¼ S
0ðR SÞ  ðR0  S0Þðx SÞ
ðR SÞ2 ¼
1
R S ðS
0 þ ðR0  S0ÞzÞ: ð40Þ
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oU
ot
¼ 1ðR SÞ2
o
oz
DðUÞ oU
oz
 
 1
R S ðS
0 þ ðR0  S0ÞzÞ oU
oz
; ð41Þ
dR
dt
¼ a
R S
oU
oz
ð1Þ; ð42Þ
dS
dt
¼ b
R S
oU
oz
ð0Þ; ð43Þwith U(z = 0, t) = 0, U(z = 1, t) = 1, R(0) = 0, S(0) = 0.
There are similarities between our method and those of Hill [2, Chapter 2.3], referencing [14], who trans-
formed their semi-inﬁnite problem using the transformation z = x/R(t) (in our notation) and s = R(t) so that
u(x, t)! U(z,s). In their method they then did a perturbation with parameter a small which to zeroth order
eliminates the oUot term. However, the analytical methods outlined in the next section show that, for our two
moving boundary problem, this approximation is in fact the exact solution.
4.2. Analytic solutions
A solution can be found by writing U(z(x, t), t) = U(z), hence assuming that the time dependence in u(x, t) is
contained in the z(t) expression only. This is not an assumption that leads to an approximate solution, as in the
case of the pseudo-steady-state solution, but yields an exact, and in some cases explicit, analytic solution.
Under this assumption oUoz ð0Þ and oUoz ð1Þ must be constants (independent of time) so we have from Eq. (43)dS
dR
¼  bUzð0Þ
aUzð1Þ ¼ c; ð44Þwhich givesS ¼ cR; ð45Þ
where c is a constant.
The positions of the boundaries can be then found by solving Eq. (43), since R  S = (1 + c)R:R ¼ cr
ﬃﬃ
t
p
; where cr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2aUzð1Þ
1þ c
s
; ð46Þ
S ¼ cs
ﬃﬃ
t
p
; where cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2bcUzð0Þ
1þ c
s
¼ ccr; ð47Þwhere cr, cs are constants. Note the comparison between these two equations and the equivalent equations for
the pseudo-steady-state Eqs. (30) and (31).
The diﬃculty now lies in ﬁnding U(z) and hence Uz(1), Uz(0).
4.3. Finding U(z)
Since we have assumed U = U(z) then oUot ¼ 0 so using S = cR in Eq. (41) gives
d
dz
DðUÞ dU
dz
 
¼ aUzð1Þðð1þ cÞz cÞ dU
dz
; ð48Þwith U(0) = 0, U(1) = 1 and remembering c ¼ bUzð0ÞaUzð1Þ. This is a complicated nonlinear equation to solve due not
only to the diﬀusivity nonlinearity D(U), but also because of the terms Uz(0), Uz(1) which are unknowns.
To illustrate consider the simple equationd2y
dx2
¼ a2y; with a2 ¼ y0ð0Þ; yð0Þ ¼ 0; yð1Þ ¼ 1 ð49Þ
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sin a
: ð50ÞThe value of a is then found implicitly by applying a2 = y 0(0) to givea ¼ 1
sin a
: ð51ÞThis implicit equation can be found because the analytical solution to Eq. (49) can be explicitly written,
whereas Eq. (48) has no analytic expression apart from some simple cases which we will now explore.
4.4. Solution when D(U) = 1, a5 b
A simpler solution can be found if we consider the case of constant diﬀusivity D(U) = 1. Thus Eq. (48) can
be written asd2U
dz2
¼ aðb 2zÞ dU
dz
; with Uð0Þ ¼ 0; Uð1Þ ¼ 1; ð52Þwherea ¼ 1
2
að1þ cÞUzð1Þ; ð53Þ
b ¼ 2c
1þ c ð54Þare simply convenient shorthand notations. The solution to this can be found by integration and application
of the boundary conditions to giveU ¼ c
Z z
0
eaðbww
2Þ dw; ð55Þwith the integration constantc ¼ Uzð0Þ ¼ 1R 1
0
eaðbww2Þ dw
: ð56ÞWhile this solution can be expressed as error functions it is convenient to leave it in this more succinct form.
Thus we have Eqs. (56), (53), (54), (44) andUzð1Þ ¼ Uzð0Þeaðb1Þ ð57Þ
representing ﬁve equations for the ﬁve unknowns c, a, b, Uz(0), Uz(1).
With some manipulation one ﬁndsc ¼ b
aeaðb1Þ
; ð58Þ
a ¼ cþ 1
c 1 ln
b
ac
 
: ð59ÞHence using (54)cþ 1
c 1 ln
b
ac
 
¼ 1
2
ð1þ cÞ b
c
1R 1
0
eaðbww2Þ dw
: ð60ÞThis is a single implicit equation for c since a, b are given parameters, and a, b are explicit functions of c. It is
through this equation that the function U(z) is strongly linked to a, b unlike the steady state solutions.
Fig. 4 is a plot of c(a) for three diﬀerent values of b. To understand this ﬁgure we need to relate the con-
stants a and b back to their physical meanings discussed after Eq. (21). If a is large and b small then ﬂuid
movement into the swollen region moves the outer boundary more than the inner, hence c decreases since
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Fig. 4. The constant c from Eq. (60) as a function of a for diﬀerent b.
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for ﬁxed b the 1/a term in c implies the potential for a singularity in c, so long as Uz(0) is well behaved (that is
non-zero). A small value of a relative to b also means that once ﬂuid gets past the then relatively diﬃcult outer
barrier at R the water diﬀuses easily to the inner barrier S, hence making c large. The relative values of a and b
and their inﬂuence on c relate then to which boundary moves due to the inﬂux of ﬂuid.
Although not shown explicitly in Fig. 4 all curves have the limitation that c = 1 when a = b, by symmetry.
Fig. 5 is a plot of c(b) for three diﬀerent values of a. This is the inverse relationship to Fig. 4. This ﬁgure
more clearly indicates that as b! 0 the value of c! 0 since then the boundary at S does not move.
Fig. 6 is a plot of U(z) for b = 1 and various values of a using Eq. (55). Note that as a gets larger the slope
Uz(1)! 0. This is because high values of a mean the boundary R is moving fast due to the rapid inﬂux of ﬂuid
through that boundary. This means the boundary at R remains quite porous (u  1). For lower values of a the
process is driven by the movement in both boundaries producing a more uniform proﬁle.
Fig. 7 is a plot of U(z) for b = 10 and various values of a using Eq. (55). When b = 10, physically a quite
large value, the inner boundary moves relatively quickly compared to the outer boundary R. However, ﬂuid
must still diﬀuse through the outer boundary and then the width of medium to move this boundary at S.0 2 4 6 8 10
0
1
2
3
4
5
6
b
γ
a=0.5
a=1
a=2
Fig. 5. The constant c from Eq. (60) as a function of b for diﬀerent a.
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Fig. 6. The volume fraction U(z) for various values of a for b = 1 and D(u) = 1.
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Fig. 7. The volume fraction U(z) for various values of a for b = 10 and D(u) = 1.
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only when aP b. The pseudo-steady-state result will always be a straight line u = z.
Fig. 8 is a plot of the velocity coeﬃcients of the boundaries cr, cs using Eqs. (46) and (47). Also shown for
comparison are the velocity coeﬃcients for the pseudo-steady-state results from Eq. (32).
4.5. Solution when a = b
When a = b some simpliﬁcations exist since then c = 1 by symmetry. From the deﬁnitions of a and b this
condition impliesDð/1Þ
1 /1
¼ Dð/0Þ
/0
: ð61ÞFor example, using /1 = 0.8 and D(/) from Eq. (21) this would imply /0  0.003 which is a physically rea-
sonable value.
Hence from Eqs. (46) and (47)cr ¼ cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aUzð0Þ
p
: ð62Þ
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Fig. 8. Velocity coeﬃcients cr, cs versus a with b = 1 along with the equivalent pseudo-steady-state results.
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If a = b and D = 1 then this would imply /0 = 1  /1 which is also physically reasonable. We can integrate
Eq. (48) twice to obtainU ¼
R z
0 e
aUzð0Þðw2wÞ dwR 1
0
eaUzð0Þðw2wÞ dw
; ð63Þsimilar to Eqs. (55) and (56), giving the simpler implicit equation for Uz(0) asUzð0Þ ¼ 1R 1
0
eaUzð0Þðw2wÞ dw
ð64Þsimilar to Eq. (56). This should be compared with the equivalent implicit expression for c in Eq. (60). Letting
g = aUz(0) be a convenient temporary variable, and evaluating the integral as error functions, give implicit
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Fig. 9. Moisture proﬁle U(z) for diﬀerent values of a = b = 1, 10, 100, 1000 and D(u) = 1.
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Fig. 10. Boundary velocity coeﬃcient cr: R
0ðtÞ ¼ cr
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for diﬀerent values of a = b, and D(u) = 1.
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2
 
eg=4 ¼ a: ð65ÞThe aim is now to ﬁnd the g(a) solutions for a given a which can be done numerically.
The general solution for U(z) for several diﬀerent values of a are illustrated in Fig. 9. Note the symmetry of
the results due to a = b. As the velocity of the boundaries increases the solution moves further away from the
steady state straight line u = z with Uz(0) = Uz(1)! 0. Hence the boundaries are moving so fast compared
with the diﬀusion process that the conditions u = 0,1 at each end extend further into the medium, with diﬀu-
sion dominating the centre region. As expected, the moisture proﬁle approaches the pseudo-steady state pro-
ﬁle as a! 0.
Fig. 10 shows the speed of the boundary cr, for various values of a = b. Note that the boundary speed is
considerably much slower for the exact solution compared with the pseudo-steady-state solution, which
implies that the time for a medium to swell is under-estimated by the steady state assumption.5. Numerical solutions and comparisons
In this section we consider numerical solutions of Eqs. (41) and (43) for nonlinear D(u) = eb(1u) and com-
pare them to the analytic solutions (36) for the pseudo-steady-state results.5.1. Numerical method
The numerical method used is a simple ﬁnite diﬀerence, Euler time step, for the transformed equations (41)
and (43) using MATLAB. That is, the spatial variables are discretised: z = [0,z1,z2, . . . ,zn] with spacing Dz and
the spatial derivatives approximated byoU
oz
ðzi; tÞ ¼ Uðziþ1; tÞ  Uðzi1; tÞ
2Dzand similarly for higher orders, with Eq. (41) written with the expansiono
oz
DðUÞ oU
oz
 
¼ D0ðUÞ oU
oz
 2
þ DðUÞ o
2U
oz2
:The equations for u, R, S are then time stepped. To avoid instabilities the time step length Dt is increased or
decreased depending on how much R(t) and S(t) change. Hence if R(t + Dt)  R(t) is larger than some pre-
scribed limit for a given time step, then this operation is repeated with a smaller time step. Thus for small times
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decrease, hence making the equations more stable, the time step is increased. This allows accuracy to be main-
tained while keeping computational time as small as possible. It is readily apparent, when solutions U(z, t) are
plotted at a selection of time steps, whether the solution has become unstable.
The initial condition for the equations is an assumed U(z, 0) = z with the system started with R = , S = 
for some small . The solution then evolves over time to the exact result U(z, t)! U(z). The ﬁnal solution U(z)
is not dependent on the choice of U(z, 0) so long as it is suﬃciently smooth and well behaved, and U(z, 0) = z
was chosen since this is the pseudo-steady-state solution for D = 1 and hence a reasonable and simple starting
guess. The values of R(t) and S(t) found from this starting guess are however, slightly inaccurate due to the
guess for U(z, 0). The code is then re-run with U(z, 0) = U(z) although this is unnecessary since the values of
U(z) remain unchanged over time and R(t) and S(t) are simply given by Eq. (46). This latter re-run of the code,
is however, a useful check. The code was also tested against the known solution found in Eqs. (63) and (55)
when D(u) = 1.
The pseudo-steady-state results were also found using the same code as described above, with one diﬀer-
ence. At each time step, that is for each value of R(t) and S(t) at a given time, the code is iterated with ﬁxed
R, S until the U(z, t) achieves a pseudo-steady-state. This then mimics the behaviour assumed by Eq. (22).
While Eq. (22) could be solved by a variety of methods, our method is simple since it uses our previously writ-
ten, and simple, time-stepping code with the addition of only one extra loop. These pseudo-steady-state results
were checked against the known analytic solutions in Eqs. (32) and (36).
Our code was usually run with twenty spatial discretisations, a maximum time step of 103, a maximum
spatial movement of R(t), S(t) of 5 · 105 (if this is exceeded on a time step then Dt is reduced) and a value
of  = 0.01 (R(0) = ). This produced stable solutions for most values of a, b and b although for higher values
of these parameters, numerical tolerances needed to be reduced. For each simulation checks of stability were
done, and tolerances reduced where necessary. Most simulations ran in a few seconds on a standard desktop
computer.5.2. Results for D(u) = exp(b(u  1))
Fig. 11 is a typical result for U(z) where D(u) = exp(b(u  1)), a = b = 0.1, 1, 10 and b = 2. Also shown for
comparison is the pseudo-steady-state solution. As can be expected for smaller values of a and b one would
expect the pseudo-steady-state to be a better approximation. As a gets large we get a similar behaviour as the
large a solutions in Fig. 9 albeit modiﬁed slightly by the nonlinear diﬀusivity. That is near z = 1 the curve
becomes concave down with Uz(1) decreasing, while at z = 0 the curve becomes more concave up with
Uz(0) decreasing. This is because for these large values of a = b the solution is driven by the fast movement0 0.2 0.4 0.6 0.8 1
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Fig. 11. The moisture content u(z) with nonlinear diﬀusivity D(u) = exp(b(u  1)), a = b = 0.1, 1, 10 and b = 2.
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down, dominated by the diﬀusivity rather than the moving boundary, and hence reducing to the steady state
result where the moving boundary, and hence a and b, are decoupled from diﬀusion.6. Discussion and conclusions
We have found a series of exact, and numerical solutions for a two moving boundary problem, and shown
the relative limitations of using the pseudo-steady-state assumption. The exact solutions required numerical
solution of diﬃcult implicit equations. For a given parameter set, the steady state assumption overestimated
the speed of the boundaries. The main governing parameters of a, b and D(/) interacted in a complicated man-
ner so no clearly discernable pattern, valid for all parameters, can be summarised. However, as expected, when
a,b! 0 the exact solutions tended to those of the steady state approximation. When a = b and D = 1 a nicely
symmetric solution for u(z) existed with both the inner and outer values of moisture being dominated by the
boundary conditions, as illustrated in Fig. 9. In general we showed that the larger the values of the boundary
speed parameters, a, b the smaller the eﬀect of diﬀusion. For example if a, the parameter governing speed of
the outer R boundary, was large then the moisture content u approached the value applied at x = R for more
of the region as illustrated in Fig. 5.
Four aspects of this work are still under investigation. First, the asymptotic behaviour of the solutions for
a,b! 0 need to be compared with perturbation expansions for these parameters, and approximate solutions
found in these limits. These can then act as next order approximations to the pseudo-steady-state results. Sec-
ond, in many media there exists a point where the inner boundary S reaches a limit, such as the centre of the
rice grain or the solid wool ﬁbre, in which case the boundary condition at x = S changes to ouox ¼ 0. The inner
boundary is then ﬁxed and the outer boundary moves until the medium is fully expanded. The behaviour of
this system is quite diﬀerent from the initial double moving boundary situation but is not amenable to the pre-
vious work outlined in [2] due to the conditions imposed prior to S reaching its limiting value. With this extra
boundary condition one can then ﬁnd estimations for the swelling time. Third, exact and numerical solutions
in cylindrical and spherical geometries need to be considered. Preliminary work indicates that this is a less than
trivial task. Finally, when dissolution terms are included in the governing diﬀusion equation it is unclear
whether exact solutions can be found using the methods outlined here.Acknowledgements
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